Due: 2022/3/12

Homework 4 - Typed

x If there is any problem, please contact TA.
Name: Student ID: Email:

Problem 1. (50 points)
Given the definition of pred n (predecessor of n):

pred = AnAf A z.n (Ag. \h.h (g f)) (Au.x) (Auw.u)

Note that with such definition we don’t have numbers less than zero.(Try pred 0 for example)
Please define following terms using lambda calculus:

1. sub m n (subtraction)

2. iszero n

3. leq m n (m is less or equal than n)
4. equal m n

5. factorial n (You can try to define it using pair)

(You can directly use the definition in the slides and the last homework, like add, tru, etc.)

Solution.
1. subtraction: A\xy.y pred x
2. iszero: Az.x (M\y.fls) tru
3. leq: Azy.iszero(sub x y)
4. equal: A\zy.and (leq x y) (leq y x)
5. nl=if n <1 then 1 else nx (n—1)!
(a) Use pair to define factorial

zz=mpair 11
ss = Ap.pair (multi (fst p) (snd p)) (add (snd p) 1)

factorial = \x.fst (v ss zz)

pred can also be defined by pair!
(b) factorial: (\y.y y) (Afn.(iszeron) 1 (times n (f f (pred n))))
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Problem 2. (20 points) Prove the exchange lemma: If ')z : t1,y : to,I" F e : t, then

Ly :to,x:t1,1" Fe:t. (proof by induction on derivation of ',z : 1,y : to, IV F e : t)

Proof. By induction on derivation of I';x : t1,y : to, " Fe: t

x:tel
Trx:t

Need to prove: If Iz : t1,y : to, [V F 2y o t, then I,y : to,x : 1, IV F 2y : £,
(1) zy:t el x:ty,y:ty, I (by assumption)

(2) xzy:t ey to,x: 1,1V (by (1))

3) T,y :to,x 61, "oy : t. (by (2) and T-Var)

1. case

2. case T'Htrue:bool

Need to prove: If I,z : t1,y : to, [V - true : t, then I' y : to, x : t1, IV F true : t.
(1) T,y :to,z: 61, F true : t. (by T-True)

3. case T+ false:bool

Need to prove: If I',z : t1,y : to, IV F false : t, then I,y : to,x : t1, IV F false : t.
(1) D,y :to,x : t1, 1" F false : t. (by T-False)

I'Feqi:bool Tles:it Thes:t
THif e; then ea else es3:t

4. case

Need to prove: If I,z : t1,y : to, IV Fif ey then ey else ez : t, then I',y : to,x : t1,I" F

if e then ey else e3 : t.

1)

L,z :ty,y:te, IV ey : bool,

Coxty,y:to, IV eyt

[,z :ty,y:ty, 1" Fe3:t (by assumption)

2)

L,y :te,x:t,I"F ey : bool,

L,y :to,x:t,I"Fey:t,

Iy :tg,x:t,I"Fes:t (by (1) and L.H.)

(3) Iy :to,x 61, " if e then ey else ez : t. (by (2) and T-If)

I x:tiFes:ts

5' case I'EAx:tq.eq:t1—to

Need to prove: If I',x : t3,y : t4, IV F Ax : ty.eq i t; — to, then ',y : ty, 2 : t3, IV F A -

t1.e9 : t1 — t9.

(1) T,x s t3,y : tg, " F ey : ty (by assumption)

(2) T,y :ty,x:t3,"F ey :ty (by (1) and I.H.)

B) T,y :ty,x:t3, " Az s ty.e5 1 t1 — to. (by (2) and T-Abs)
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I'Feqi:it11—tia T'Feoattqn
I'tei eo:tio

Need to prove: If I',z : ¢,y : to, IV F ey ey : t1o, then Iy : to, x : t1, IV Feq e : ts.
(1)

F,x:tl,y:tg,f"l—el c 1 —>t12,

6. case

Uz ty,y:to, " F ey i ty; (by assumption)
(2)
L,y :to,x:t,I"F ety — tho,
Ly to,x 6,V Fey ity (by (1) and LH.)
B) T,y :to,x:t1,I" Feg ey tya. (by (2) and T-App)
N

Problem 3. (20 points) Prove the weakening lemma: If ' Fe: ¢t then Nz : ¢/ Fe: ¢t
(provided x not in Dom(T"))

Proof. by induction on derivation of I' - e : ¢

z:tel
Trx:t

Need to prove: If 'z :tthen 'y :t'Fx:t

1. case

(Dx:tel (by assumption)
(2x:tely:t (by (1))
B)y:t'Fe:t (by (2) and T — Var)

2. case T'Htrue:bool

Need to prove: If I' F true : bool then I',y : t' - true : bool
(DT, x : ¢ = true : bool (T — True)

3. case T+ false:bool

Need to prove: If I' F false : bool then ',y : ' = false : bool
()T, 2z : t' - false : bool (T — False)

I'Fei:bool Tleg:it T'hes:t
T'Hif e; then ez else es:t

Need to prove: If I' Fif ey then ey else es : t then I',y : t' Fif ey then ey else ez : t
(DT + ey : bool,

4. case

I'Fey:t,

Cheg:t (by assumption)
(2)T,y : t' ey : bool,

Loy :t' eyt

Dyy:t'Fes:t (by (1) and I.H.)
B,y :t' Fif ey then eq else ez t (by (2) and T — If)
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T x:tikes:ts
I'EAx:tq.eq:t1—to

Need to prove: If ' Az i t1.eq 1t — o then Iy : ¢/ Az : t.en ity — 1o

5. case

(D z:ti Feg:ty (by assumption)
)0,z ty,y:t'Feg: ity (by (1) and I.H)
B, y:thz:tibey:ty (by exchange lemma)
AT,y t'F Az :ty.eq: ty — to (by T — Abs)

Tkei:t11—t12 Theaitiq
I'Fep eo:tio

Need to prove: If ' F ey ey : t1g then Iy : t/ Feq eg 1 t19

6. case

(].)F - e : tll — t12,

I'Eey:tyy (by assumption)
()T, y: t' Foep ity — to,

Dyy:t'teq:ty (by (1) and I.H)
B),y:t'F ey eg: ity (by (2) and T — App)

Problem 4. (20 points)
Prove the substitution lemma: If 'z : ' Fe:tand ' v : ¢ then T'F efv/z] : .

Proof. by induction on the derivation of I' Fe : ¢

x:tel
1. caser .

Need to prove: If 'z : ¢/ Fy:t,and ' v : ¢/, then I' F y[v/x] : t.

fy==u:
(Wylv/a] = v
)T+ y[v/x] : ¢t (by (1) and assumption)
If y # a:
(Dylv/z] =
)0, x:t'Fy:t (by assumption)
By:tel x:t (by inversion of T — Var)
4y:tel
B)I'Fy:t (by T — Var)
6)'Fylv/x] : t (by (1) and (5))



2. case T'Htrue:bool

Need to prove: If I,z : ¢’ F true : bool, and I' = v : ¢, then I' F true[v/x] : bool.

(D) F truefv/x] : bool

3. case T+ false:bool

(T — True)

Need to prove: If ',z : ¢’ b false : bool, and T' v : ¢/, then T' - false[v/x] : bool.

(O + falselv/z] : bool

I'Fei:bool TlFes:it Thes:t
T'Hif e; then ex else es:t

Need to prove: If Iz : ' b if ey then ey else e3
(if ey then ey else e3)[v/x] : t.
()T, 2z : t' ey : bool,
Doax:t'Fey:t,
Dox:t' Feg:t
(2)[' F eq[v/x] : bool,
['Fesfv/x] : t,
['Fesfv/x]:t
(B)L'F (if ey then ey else e3)[v/x] : t

4. case

T x:tiFes:ts
IEAx:ty.eq:t1—to

Need to prove: If I'jy :
tr.e9)[v/y] : t1 — to.
Dyt ot bey:ty
A0,z ty,y:t' Fey:ty
T tw:t
)
)
)

5. case

' F Xz otie

(
(
(
A ety Fo:t

(5)T,x: ty b esv/y] : ta

(6)L'F (Az : ty.ex)[v/y] : t1 — 1o

I'Feqi:it11—tia T'Feoattqn
I'tei eo:tio

6. case

ct,and I' F o

cty —» ty,and I' v

(by (3) and weakening lemma

(T — False)

t', then I' F

by assumption
Y P

(by (1) and I1.H.)
(by (2) and T —1f)

t'; then I' F (Az

(by assumption
(by exchange lemma

(by assumption

(by (2),(3) and I.H.

)
)
)
)
)
(by (5) and T — Abs)

Need to prove: If I';z : t' ey eg i tyg, and ' v i ¢/, then I' F (e eq)[v/x] : t1a.

(O, x: t' ey ity — to,
Dot Fey:t

2 kot

Bk ey[v/x] : t11 — tho,
['Fesfv/x] @ty

(BT F (ey ea)[v/x] : t12

by assumption
Y P

(by assumption)

(by (1),(2) and 1.H)
(by (3) and T'— App)






