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General Remark

A problem is a set of numbers.

A reduction is a way of defining a solution of a problem with tiedp
of the solutions of another problem.

There are several inequivalent ways of reducing a probleamésher
problem.

The differences between different reductions consistsemtanner
and extent to which information aboBtis allowed to settle questions
aboutA.
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Many-One Reduction

The setA is many-one reduciblém-reducible) to the s if there is a
total computable functiof such tha € Aiff f(x) € B for all x.
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Many-One Reduction

The setA is many-one reduciblém-reducible) to the s if there is a
total computable functiof such tha € Aiff f(x) € B for all x.

We shall writeA <, B or more explicitlyf : A <, B.
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Many-One Reduction

The setA is many-one reduciblém-reducible) to the s if there is a
total computable functiof such tha € Aiff f(x) € B for all x.

We shall writeA <, B or more explicitlyf : A <, B.

If f is injective, then we are talking abooihe-one reducibility
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Examples

1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.
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Examples

1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.

] 0 ifxe W _Jy ifxeW
fO(X7y)_{T |fX¢WX fN(X7y)_{T |fX¢WX
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Examples

1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.
] 0 ifxe W _Jy ifxeW
fO(X’y)_{ T X & W fN(X’y)_{ Tt X W,

2. Rice Theorem is proved by showing thatlm {x | ¢x € A}.
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Examples

1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.

] 0 ifxe W _Jy ifxeW
fO(X’y)_{ T X & W fN(X’y)_{ Tt X W,
2. Rice Theorem is proved by showing that<, {x | ¢x € Z}.
(%) = gly) if x e Wy xeWs= ok(X) =g € %
o T if X & W XZ W= ok(X) =fs & 2
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1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.

] 0 ifxe W _Jy ifxeW
fO(X’y)_{ T X & W fN(X’y)_{ Tt X W,
2. Rice Theorem is proved by showing that<, {x | ¢x € Z}.
(%) = gly) if x e Wy xeWs= ok(X) =g € %
o T if X & W XZ W= ok(X) =fs & 2

3. {X| ¢xistotal} <m {x| ¢x = O}.
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Examples

1. Kis m-reducible to{x | ¢x = O}, {x | ¢ € Wx} and{x | ¢x is total}.

] 0 ifxe W _Jy ifxeW
fO(X’y)_{ T X & W fN(X’y)_{ Tt X W,
2. Rice Theorem is proved by showing that<, {x | ¢x € Z}.
(%) = gly) if x e Wy xeWs= ok(X) =g € %
o T if X & W XZ W= ok(X) =fs & 2

3. {X| ¢xistotal} <m {x| ¢x = O}.
Pk(x) = 00 ¢x
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Elementary Properties

Let A, B, C be sets.
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Elementary Properties

Let A, B, C be sets.
1. <pis reflexive:A <y A.

f : A <, Ais the identity function.

2. <ptransitive:A <y B,B<y,C= A<, C.
Letf :A<yB,g:B <y C,thengof : A<, C.

3. A<y Biff A<y B.
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Elementary Properties

Let A, B, C be sets.
1. <pis reflexive:A <y A.
f : A <, Ais the identity function.

2. <ptransitive:A <y B,B<y,C= A<, C.
Letf :A<yB,g:B <y C,thengof : A<, C.

3. A<y Biff A<y B.

If g: A<y B, thenxc A< f(x) € B;sox € A< g(x) € B.
Henceg : A <, B.
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Elementary Properties (2)

4. If Ais recursive and <, A, thenB is recursive.
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4. If Ais recursive and <, A, thenB is recursive.

g: B <m A thencg(x) = ca(g(x)). Socg is computable.

5. If Aisrecursive an® # o, N, thenA <, B.

b if xe A

¢ ifxeA : thenf is

Letbe B,c ¢ B, f(x) = {
computable.
xe A< f(x) eB.
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Elementary Properties (2)

4. If Ais recursive and <, A, thenB is recursive.

g: B <m A thencg(x) = ca(g(x)). Socg is computable.

5. If Aisrecursive an® # o, N, thenA <, B.

b if xe A

¢ ifxeA : thenf is

Letbe B,c ¢ B, f(x) = {
computable.
xe A< f(x) eB.

6. If Aisr.e. andB <y A, thenBisr.e.
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Elementary Properties (2)

4. If Ais recursive and <, A, thenB is recursive.

g: B <m A thencg(x) = ca(g(x)). Socg is computable.

5. If Aisrecursive an® # o, N, thenA <, B.

b if xe A

¢ ifxeA : thenf is

Letbe B,c ¢ B, f(x) = {
computable.
xe A< f(x) eB.
6. If Aisr.e. andB <y A, thenBisr.e.

Letg: B <m A, A= Dom(h), (h € ¢1); thenB = Dom(h o g)
(Bisr.e.)
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Elementary Properties (3)

7. (). A<m Niff A= N: (ii). A<m @ iff A= 2.
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Elementary Properties (3)

7. (). A<m Niff A= N: (ii). A<m @ iff A= 2.

(i).“<": By reflexivity, N <, N.
(i).“=" Letf : A<y N, thenx € A< f(x) € N. ThusA=N.
(i). A<m@ o A<hnNeA=Ns A=0.
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7. (). A<m Niff A= N: (ii). A<m @ iff A= 2.

(i).“<": By reflexivity, N <, N.
(i).“=" Letf : A<y N, thenx € A< f(x) € N. ThusA=N.
(i). A<m@ o A<hnNeA=Ns A=0.

8. (i). N <mAiff A% & (ii). @ <mAiff A% N.
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Elementary Properties (3)

7. (). A<m Niff A= N: (ii). A<m @ iff A= 2.

(i).“<": By reflexivity, N <, N.
(i).“=" Letf : A<y N, thenx € A< f(x) € N. ThusA=N.
(i). A<m@ o A<hnNeA=Ns A=0.

8. (i). N <mAiff A% & (ii). @ <mAiff A% N.

(i). “=": Letf : N <y A, thenA = Ran(f), soA # & (f is
total).

(). “<=" If A# @, choosec € A. If g(x) = ¢, we have
g:N<hA

(i). 9 <mASN<ZAeA£0 < A=N.
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Corollary

Corollary . Neither{x | ¢y is total} nor {x | ¢y is not total is
m-reducible toK.
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Corollary

Corollary . Neither{x | ¢y is total} nor {x | ¢y is not total is
m-reducible toK.

Proof. By contradiction, if{x | ¢x is total} <, K, andK is r.e., then
{X | ¢x istotal} isr.e. (same agx | ¢x is not total).

However, by Rice-Shapiro Theorem, NeitHar| ¢y is total} nor
{X | ¢« is not total is r.e.
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Corollary (2)

Fact. If Aisr.e. and is not recursive, thénZm, A andA £, A.
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Corollary (2)

Fact. If Aisr.e. and is not recursive, thénZm, A andA £, A.

Proof. “A £m A": By contradiction, ifA <y, A, thenAis r.e., themAis
recursive!

“A Z£m A": By contradiction, ifA <, A, thenA <p, A, thenAis
recursive!
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Corollary (2)

Fact. If Aisr.e. and is not recursive, thénZm, A andA £, A.

Proof. “A £m A": By contradiction, ifA <y, A, thenAis r.e., themAis
recursive!

“A Z£m A": By contradiction, ifA <, A, thenA <p, A, thenAis
recursive!

Notation: It contradicts to our intuition thad andA are equally
difficult.
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Theorem

Theorem. Aisr.e. iff A <y K.
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Theorem

Theorem. Aisr.e. iff A <y K.

Proof. “<". SinceA <y, K, andK is r.e., themAis r.e.

1 ifxeA

T, ifxé¢A

By s-m-n Theoremis(x) : N — N such thaf (X, y) = ¢gx) ()

Itis clear thatx € Aiff ¢ (S(X)) is defined iffs(x) € K. Hence
A<n K.

Supposéis r.e. Letf (x,y) bef(x,y) = {
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Theorem

Theorem. Aisr.e. iff A <y K.

Proof. “<". SinceA <y, K, andK is r.e., themAis r.e.

1 ifxeA
T, ifxé¢A
By s-m-n Theoremis(x) : N — N such thaf (X, y) = ¢gx) ()

Itis clear thatx € Aiff ¢ (S(X)) is defined iffs(x) € K. Hence
A<n K.

Supposéis r.e. Letf (x,y) bef(x,y) = {

Notation. K is the most difficult partially decidable problem.
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Many-One Equivalence

Definition. Two setsA, B aremany-one equivalephotationA =, B
(abbreviatedn-equivalent), ifA <, BandB <y A.
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Many-One Equivalence

Definition. Two setsA, B aremany-one equivalephotationA =, B
(abbreviatedn-equivalent), ifA <, BandB <y A.

Theorem. =, is an equivalence relation.

Proof.

(1). Reflexivity: A <m A= A=n A

(2). SymmetryA=nB=B <A A<ynB=B=nA

(3). Transitivity: A=nB, B=nC=A<yC, C<nA=A=,C.
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Examples

1. {x|ce W} =mK.
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Examples

1. {x|ce W} =mK.

. if x € W,
<::fN(x,y):{>T/ ifxgzwi =K <p {Xx|ce W}

“=" x| ceW}isre., so{x|ce Wy} <mK.
Thus{x | c € Wy} =m K.
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Examples

1. {x|ce W} =mK.

. if x € W,
<::fN(x,y):{>T/ ifxgzwi =K <p {Xx|ce W}

“=" x| ceW}isre., so{x|ce Wy} <mK.
Thus{x | c € Wy} =m K.

2. If Ais recursiveA # @, N, thenA =, A.
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Examples

1. {x|ce W} =mK.

. if x € W,
<::fN(x,y):{>T/ ifxgzwi =K <p {Xx|ce W}

“=" x| ceW}isre., so{x|ce Wy} <mK.
Thus{x | c € Wy} =m K.

2. If Ais recursiveA # @, N, thenA =, A.

A# a3 N=A+#a N,
Alis recursive, by previous theorefn<, A. Similarly, A <, A.
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Example (2)

3. If Ais r.e. but not recursive, theRZn, A.
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Example (2)

3. If Ais r.e. but not recursive, theRZn, A.
Aisr.e. but not recursive> A £m A, A £m A.
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Example (2)

3. If Ais r.e. but not recursive, theRZn, A.
Aisr.e. but not recursive> A £m A, A £m A.

4. {x| ¢x = 0} =m {X| ¢x is total}.
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Example (2)

3. If Ais r.e. but not recursive, theRZn, A.
Aisr.e. but not recursive> A £m A, A £m A.

4. {x| ¢x = 0} =m {X| ¢x is total}.
“=" gk = 00 dx = {X| ¢xistotall <m {X| ¢x = 0}.

“ ", 0 f X B 07
:¢HWMWZ{T#Z%#O'

Thengx = 0 & ¢y is total = {x | ¢x = 0} <m {X| ¢ is total}.
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m-Degree

Definition. Letdm(A) be{B | A=mn B}.
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m-Degree

Definition. Letdm(A) be{B | A=mn B}.

Definition. An m-degreds an equivalence class of sets under the
relation=p, Itis any class of sets of the fordy(A) for some seA.
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m-Degree

Definition. Letdm(A) be{B | A=mn B}.

Definition. An m-degreds an equivalence class of sets under the
relation=p, Itis any class of sets of the fordy(A) for some seA.

A recursive m-degreis an m-degree that contains a recursive set.
Anr.e. m-degreés an m-degree that contains anr.e. set.
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Expression

Definition. The set oim-degrees is ranged over byb, c, . . ..
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Expression

Definition. The set oim-degrees is ranged over byb, c, . . ..

Definition (Partial Order on m-Degree) Leta, b bem-degrees.
Q). a<mbiff A<, BforsomeA € aandB < b.
(2).a<mbiff a<ybandb £y a(a##b).

The relation<, is a partial order.
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Expression

Definition. The set oim-degrees is ranged over byb, c, . . ..

Definition (Partial Order on m-Degree) Leta, b bem-degrees.
Q). a<mbiff A<, BforsomeA € aandB < b.
(2).a<mbiff a<ybandb £y a(a##b).

The relation<, is a partial order.

Notation. From the definition o5y,
a<mbeVAcaBebA<,B.
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Theorem

Theorem. The relation<, is a partial ordering ofn-degrees.
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Theorem

Theorem. The relation<, is a partial ordering ofn-degrees.

Proof.

(1) By transitivitya <m b, b <, cimpliesa <p, .

If a <m b andb <, a, we have to prove that = b.

(2) Irreflexivity: Let A € aandB € b, then we havé\ <, B and
B < A, soA=,,B. Hencea = b.

Consequently<n, is partial ordering.
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Some Facts

1. oandn are respectively the recursive m-degrées and{N}.
A<hc N A=NA<L T A=0.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Some Facts

1. oandn are respectively the recursive m-degrées and{N}.
A<hc N A=NA<L T A=0.

2. Therecursive m-degre@, consists of all the recursive sets except
a,N.
Om < afor anym-degreea other tharo andn.

Alis recursiveB <, A = Bis recursive;
Alis recursive an® # o, N = A <, B.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Some Facts

1. oandn are respectively the recursive m-degrées and{N}.
A<hc N A=NA<L T A=0.

2. Therecursive m-degre@, consists of all the recursive sets except
a,N.
Om < afor anym-degreea other tharo andn.

Alis recursiveB <, A = Bis recursive;
Alis recursive an® # o, N = A <, B.

3.V mdegreen, 0 <, aprovideda # n; n <, a provideda # o.
N<hWAcA#g,0<nAsA#N.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts (2)

4. Anr.e.m-degree consists of only r.e. sets.
If Aisr.e. andB <n, A, thenBisr.e.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts (2)

4. Anr.e.m-degree consists of only r.e. sets.
If Aisr.e. andB <n, A, thenBisr.e.

5. If a <m b andb is an r.e.m-degree, themis also an r.em-degree.
If Aisr.e. andB <n A, thenBisr.e.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts (2)

4. Anr.e.m-degree consists of only r.e. sets.
If Aisr.e. andB <n, A, thenBisr.e.

5. If a <m b andb is an r.e.m-degree, themis also an r.em-degree.
If Aisr.e. andB <n A, thenBisr.e.

6. The maximum r.em-degreedm(K) is denoted by,
A setAisr.e. iff A < K.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

llumination

non r.e.
All m-degrees

]

,03'“

s
\

/ re.
'm-degreeS\

other than
'o.n, 0,0,
\
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts about r.en-Degrees

1. Excludingo andn, there is a minimum r.en-degreely, (in fact Oy,
is minimum among alin-degrees).
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts about r.en-Degrees

1. Excludingo andn, there is a minimum r.en-degreely, (in fact Oy,
is minimum among alin-degrees).

2. The r.e.m-degrees form amitial segmenof them-degrees; i.e.,
anything below an r.em-degree is also r.e.
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Degrees
m-Completer.e. Set

Facts about r.en-Degrees

1. Excludingo andn, there is a minimum r.en-degreely, (in fact Oy,
is minimum among alin-degrees).

2. The r.e.m-degrees form amitial segmenof them-degrees; i.e.,
anything below an r.em-degree is also r.e.

3. There is a maximum r.en-degre€d/,,.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Facts about r.en-Degrees

1. Excludingo andn, there is a minimum r.en-degreely, (in fact Oy,
is minimum among alin-degrees).

2. The r.e.m-degrees form amitial segmenof them-degrees; i.e.,
anything below an r.em-degree is also r.e.

3. There is a maximum r.en-degre€d/,,.

4. While there are uncountably manydegrees, only countably
many of these are r.e.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Algebraic Structure

Theorem. Them-degrees form anpper semi-lattice
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

In mathematics, groupis an algebraic structure consisting of a set
together with an operatiofG, e) that combines any two of its
elements to form a third element.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

In mathematics, groupis an algebraic structure consisting of a set
together with an operatiofG, e) that combines any two of its
elements to form a third element.

To qualify as a group, the set and the operation must satsiiy f

conditions @roup axiom} namelyclosure associativity identity and
invertibility.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

In mathematics, groupis an algebraic structure consisting of a set
together with an operatiofG, e) that combines any two of its
elements to form a third element.

To qualify as a group, the set and the operation must satsiiy f
conditions @roup axiom} namelyclosure associativity identity and
invertibility.
closure abe G=aebeG.
associativity (aeb)ec=ae (bec).
identity: Va € G, didentity elemene e G,s.t.eea=aee=a.
invertibility: Va € G, Jinverseb c Gs.ttasb=bea=e(b=a™"l).
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Lattice

In mathematics, &tticeis a (poset)(L, <) in
which any two elements have a unigaigpremun(also called a least
upper bound or join) and a uniqu&imum (also called a greatest
lower bound or meet).

To qualify as a lattice, the set and the operation must gatsf
conditions:join-semilattice meet-semilattice

join-semilattice  Va, b € L, the set{a, b} has aoinaV b.
(the least upper bound)

meet-semilattice Va,b € L, the set{a, b} has a anhb.
(the greatest lower bound)
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

The Name “Lattice"

1234

The name "lattice" is suggeste

by the form of theHasse diagram 1z s zes 102 2 ez 12se
depicting it. l.e., the right pic- '

ture is the lattice of partitions of N %W,

a four-element sefl, 2, 3,4}, or- v “. VaNv, J
dered by the relation "is a refine  1esu 1420 1248 1924 1Bs Az
ment of".

[ ]
112/3/4
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Upper Semi-lattice

Theorem. Any pair of m-degrees, b have a least upper bound; i.e.
there is amm-degreec such that

(). a<mcandb < c(cis an upper bound);
(ii). ¢ <many other upper bound @t b.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

(). PickAea,Beb,andletC=A®B,i.e.,

C={2|xeAlU{2x+1|xeB}.

Then
XeAe2XeC= A<, C;

xeBe2Xx+1eC=—B <y C;
Thusc is an upper bound d, b.
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Reduction and Degree Many-One Reduction
Degrees
m-Completer.e. Set

Proof (2)

(i). Let d is anm-degree such that <p, d, andb <, d.
VD € d, supposé : A<y Dandg: B <y D. Then
: X . x—1
xeC < (xis even&é €AV (xis odd&T € B)
& (xis even&f()—z() e D)V (xis odd&g(x;zl) e D)

f(3) if xis even
X_

C< ) ) _
Thus we havéd : C <, D if we defineh {9(71) it xis odd

Hencec <., d.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Definition

Definition. An r.e. set ian-completeif every r.e. set is m-reducible to
it.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Definition

Definition. An r.e. set ian-completeif every r.e. set is m-reducible to
it.

Notation. 0,, them-degree oK is maximum among all r.e.
m-degrees, and thus§ is m-complete r.e. sdpr just called
m-complete st
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Theorem

Theorem. The following statements are valid.
() K is mcomplete.
(i) Aiis mcomplete iffA =, Kiff Aisr.e. andK <, A.

(iii) 0/, consists exactly of all thenm-complete sets.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Examples

The following sets are m-complete.

CSC363-Computability Theory@SJTU Xiaofeng Gac  Reducibility and Degree 32/64



Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Examples

The following sets are m-complete.

(i) {x| c e Wg}.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Examples

The following sets are m-complete.

(i) {x] ceW}.
(i) Every non-trivial r.e. set of the fornfix | ¢x € £}.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Examples

The following sets are m-complete.

(i) {x| c € Wh}.

(i) Every non-trivial r.e. set of the fornfix | ¢x € £}.
(ii)) {x| ¢x(x) = 0}.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Examples

The following sets are m-complete.

(i) {x] ceW}.

(i) Every non-trivial r.e. set of the fornfix | ¢x € £}.
(ii)) {x| ¢x(x) = 0}.

(iv). {x|xe Ex}.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Creative Set

Theorem. Any m-complete set isreative
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Creative Set

Theorem. Any m-complete set isreative

Proof. If Ais mcompleteAis r.e. set.
Also, K <m A, soK <p, A. ThusA is productive.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

Myhill’'s Theorem

Myhill's Theorem . A set is m-complete iff it is creative.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

m-Complete r.e. Sets

Corollary . If aiis them-degree of any simple set, then
Om <m a <m 0}, (Simple sets are nat-completg.
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Reduction and Degree Many-One Reduction
Degrees
m-Complete r.e. Set

m-Complete r.e. Sets

Corollary . If aiis them-degree of any simple set, then
Om <m a <m 0}, (Simple sets are nat-completg.

Proof. Simple sets are designed to be neither recursive norweeati
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Relative Computability

Outline

© Relative Computability
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Relative Computability

Comparison

m-reducibility has two unsatisfactory features:

CSC363-Computability Theory@SJTU Xiaofeng Gac  Reducibility and Degree 37/64



Relative Computability

Comparison

m-reducibility has two unsatisfactory features:

(i) The exceptional behavior @ andN.
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Relative Computability

Comparison

m-reducibility has two unsatisfactory features:
(i) The exceptional behavior @ andN.

(i) The invalidity of A #m Ain general.
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Relative Computability

Comparison

m-reducibility has two unsatisfactory features:
(i) The exceptional behavior @ andN.
(i) The invalidity of A #m Ain general.

The problem is due to the restricted use of oracles.

E.g.xc Aiff x¢Z A
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Relative Computability

Relative Computability

Supposey is atotal unary function.
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Relative Computability

Relative Computability

Supposey is atotal unary function.

Informally a functionf is computable relative tg, or y-computable,
if f can be computed by an algorithm that is effective in the usual
sense, except from time to time during computatibisallowed to
consult theoracle functiony.
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Relative Computability

Relative Computability

Supposey is atotal unary function.

Informally a functionf is computable relative tg, or y-computable,
if f can be computed by an algorithm that is effective in the usual
sense, except from time to time during computatibisallowed to
consult theoracle functiony.

Such an algorithm is calledaalgorithm.
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Relative Computability

URMO - Unlimited Register Machine with Oracle

A URM with oracle URMO for short, can recognize a fifth kind of
instruction,O(n), for everyn > 1.
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Relative Computability

URMO - Unlimited Register Machine with Oracle

A URM with oracle URMO for short, can recognize a fifth kind of
instruction,O(n), for everyn > 1.

If x is the oracle, then the effect 6f(n) is to replace the conten of
Rn by x(rn).
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Relative Computability

URMO - Unlimited Register Machine with Oracle

A URM with oracle URMO for short, can recognize a fifth kind of
instruction,O(n), for everyn > 1.

If x is the oracle, then the effect 6f(n) is to replace the conten of
Rn by x(rn).

PX denote the program® when used with the functiog in the oracle.
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Relative Computability

URMO - Unlimited Register Machine with Oracle

A URM with oracle URMO for short, can recognize a fifth kind of
instruction,O(n), for everyn > 1.

If x is the oracle, then the effect 6f(n) is to replace the conten of
Rn by x(rn).

PX denote the program® when used with the functiog in the oracle.

PX(a) | b means the computatid®¥(a) with initial configuration
1,8, - ,an,0,0,--- stops with the numbdy is registerR;.
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Relative Computability

llumination
Oracle
b 4
7
’ 1
r, !’ /‘
II / X(rn)
N v
} rd
T
r1lrzir‘[ rni
R, R, Ry R,

With resulting configuration

DTl T
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Relative Computability

URMO-Computable

Let x be a unary total function, and suppose the a partial function
from N" to N.

(a) Let P be a URMO program, theR URMO-computed relative
to x (or f is y-computed byP) if, for everya € N" andb € N,
PX(a) | biff f(a) ~b.

(b) The functionf is URMO-computable relative tg (or

x-computable) if there is a URMO program that
URMO-computes it relative tq.
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Relative Computability

URMO-Computable

Let x be a unary total function, and suppose the a partial function
from N" to N.

(a) Let P be a URMO program, theR URMO-computed relative
to x (or f is y-computed byP) if, for everya € N" andb € N,
PX(a) | biff f(a) ~b.

(b) The functionf is URMO-computable relative tg (or
x-computable) if there is a URMO program that
URMO-computes it relative tq.

©X is the set of ally-computable functions.
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Relative Computability

(i) x € €~
Use URMO progran©(1).
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Relative Computability

(i) x € €.
Use URMO progran©(1).
(i) € C €~.
Any URM program is a URMO program.
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Relative Computability

(i) x € €~
Use URMO progran©(1).
(i) € C &x.

Any URM program is a URMO program.

(iii) If x is computable, the® = &€X.

Since¥ C €’X, we need to prov&X C ¥. x is computable, then
whenever a value of is requested simply compute it by the
algorithm fory. By Church’s thesisf, is computable.
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Relative Computability

() x € €.
Use URMO progran©(1).
(i) € C &x.
Any URM program is a URMO program.
(iii) If x is computable, the® = &€X.
Since¥ C €’X, we need to prov&X C ¥. x is computable, then

whenever a value of is requested simply compute it by the
algorithm fory. By Church’s thesisf, is computable.

(iv) €X is closed under substitution, recursion and minimaligatio
Construct corresponding URMO programs.
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Relative Computability

() x € €.
Use URMO progran©(1).
(i) € C &x.
Any URM program is a URMO program.
(iii) If x is computable, the® = &€X.
Since¥ C €’X, we need to prov&X C ¥. x is computable, then

whenever a value of is requested simply compute it by the
algorithm fory. By Church’s thesisf, is computable.

(iv) €X is closed under substitution, recursion and minimaligatio
Construct corresponding URMO programs.

(v) If 9 is a total unary function that ig-computable, the®¥ C €X.
By Church’s thesis.
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Relative Computability

Partial Recursive Function

The classzX of y-partial recursive functions the smallest class of
functions such that

(a) the basic functions are i%X.
(b) x € Zx.

(c) X is closed under substitution, recursion, and minimalsati
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Relative Computability

Partial Recursive Function

The classzX of y-partial recursive functions the smallest class of
functions such that

(a) the basic functions are i%X.
(b) x € Zx.

(c) X is closed under substitution, recursion, and minimalsati

x-recursive y-primitive recursiveare defined in the obvious way.
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Relative Computability

Partial Recursive Function

The classzX of y-partial recursive functions the smallest class of
functions such that

(a) the basic functions are i%X.
(b) x € Zx.

(c) X is closed under substitution, recursion, and minimalsati

x-recursive y-primitive recursiveare defined in the obvious way.

Theorem. For anyy, #X = €X.
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Relative Computability

Numbering URMO programs

Let’s fix an effective enumeration of all URMO programs

Q07 leQZ)' o
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Relative Computability

Numbering URMO programs

Let’s fix an effective enumeration of all URMO programs

Q07 leQZ)' o

Let o%," be then-ary functiony-computed byQm.
Let ¢ be oy
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Relative Computability

Numbering URMO programs

Let’s fix an effective enumeration of all URMO programs

Q07 leQZ)' o

Let o%," be then-ary functiony-computed byQm.
Let ¢ be oy

Wi is Dom(g,) andEx, is Ran( ).
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Relative Computability

Numbering URMO programs

S-m-n Theorem For eachm, n > 1 there is a total computable
(m+ 1)-ary functions}'(e, x) such that for any

¢§7m+n(x’ y) = ¢§<_lel?e7x) (y) N
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Relative Computability

Numbering URMO programs

S-m-n Theorem For eachm, n > 1 there is a total computable
(m+ 1)-ary functions}'(e, x) such that for any

¢§7m+n(x’ y) = ¢§<_lel?e7x) (y) N

Notice thats'(e, x) does not refer tg.
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Relative Computability

Universal Programs for Relative Computability

Universal Function Theorem For eacm, the universal function
6’” for n-ary y-computable functions given by

0" x) = dF"(x)

is x-computable.
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Relative Computability

Relativization

Once we have the S-m-n Theorem and the Universal Function
Theorem, we can do the recursion theogiative toan oracle.
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Relative Computability

x-Recursive ang-r.e. Sets

Let A be a set
(a) Ais x-recursive ifca is y-computable.
(b) Ais x-r.e. if the partial characteristic function

1 ifxeA .
f(x)_{ +ifxeA is x-computable.
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Relative Computability

x-Recursive ang-r.e. Sets

Theorem. The following statements are valid.

(i) For any set, Ais y-recursive iffA andA arey-r.e.

CSC363-Computability Theory@SJTU Xiaofeng Gac  Reducibility and Degree 49/64



Relative Computability

x-Recursive ang-r.e. Sets

Theorem. The following statements are valid.
(i) For any set, Ais y-recursive iffA andA arey-r.e.

(ii) For any setA, the following are equivalent.
o Ais x-r.e.
@ A = W5 for somem.
e A = Ep for somem.
@ A= () orAis the range of a tota{-computable function.
o For somey-decidable predicatR(x,y), x € Aiff Jy.R(x,y).
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Relative Computability

x-Recursive ang-r.e. Sets

Theorem. The following statements are valid.
(i) For any set, Ais y-recursive iffA andA arey-r.e.

(ii) For any setA, the following are equivalent.
o Ais x-r.e.
@ A = W5 for somem.
e A = Ep for somem.
@ A= () orAis the range of a tota{-computable function.
o For somey-decidable predicatR(x,y), x € Aiff Jy.R(x,y).

(iii) KX def {x | x € W&} is x-r.e. but noty-recursive.
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Relative Computability

Computability Relative to a Set

Computability relative to @aetA means computability relative to its
characteristic functioga.
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Relative Computability

Computability Relative to a Set

Computability relative to @aetA means computability relative to its
characteristic functioga.

For example:

PA for P (if P is a URMO program),
€A for €%,

ém for ¢fh.

WA for Wea,

EA for ES,

KA for K,

A-recursive forca-recursive

A-r.e. forca-r.e.
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Turing Reducibility

Outline

© Turing Reducibility
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Turing Reducibility

Turing Reducibility and Turing Degrees

The setAis Turing reducibleto B, notationA <t B, if Ahas a
B-computablecharacteristic functioga.
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Turing Reducibility

Turing Reducibility and Turing Degrees

The setAis Turing reducibleto B, notationA <t B, if Ahas a
B-computablecharacteristic functioga.

The setdA, B areTuring equivalentnotationA =1 B, if A <t Band
B <t A
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Turing Reducibility

Notation

SupposeéA <7 B andP is the URMO program that computeg
relative toB. Thenvx, PB(x) converges and

PB(x) | 1ifxec A
PB(x) L Oif x ¢ A

When calculating?®(x) there will be a finite number of requests to
the oracle for a valueg(n) of cg. These requests amount to a finite
number of questions of the form ‘c B?'.

So for anyx, ‘x € A?’ is settled in a mechanical way by answering a
finite number of questions aboBt
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
A=t Biff €A = €5,
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
A=t Biff €A = €5,

(iii) If A <m B thenA <1 B.
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
A=t Biff €A = €5,

(i) If A< BthenA <t B.
If f : A<y BandPis URM program to computg, then the
URMO programP, O(1) is B-computeca.
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
A=t Biff €A = €5,

(i) If A< BthenA <t B.
If f : A<y BandPis URM program to computg, then the
URMO programP, O(1) is B-computeca.

(iv) A=t Afor all A.
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Turing Reducibility

() <t is reflexive and transitive.
A <1 Biff €A C 5

(i) =t is an equivalence relation.
A=t Biff €A = €5,
(iii) If A <y BthenA <t B.
If f : A<y BandPis URM program to computg, then the
URMO programP, O(1) is B-computeca.
(iv) A=t Afor all A.
Cx = o Ca, Ais A-recursive=—> A <t A. (Similarly A <t A))
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
Since¥ C ¢X.
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
Since¥ C ¢X.

(vi) If Bis recursive and\ <t B, thenAis recursive.
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
Since¥ C ¢X.

(vi) If Bis recursive and\ <t B, thenAis recursive.
If x is computable, the@ = ¢X.
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
Since¥ C ¢X.

(vi) If Bis recursive and\ <t B, thenAis recursive.
If x is computable, the@ = ¢X.

(vii) If Aisr.e. themA <t K.
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Turing Reducibility

Facts. (2)

(v) If Alis recursive, ther\ <t B for all B.
Since¥ C ¢X.

(vi) If Bis recursive and\ <t B, thenAis recursive.
If x is computable, the@ = ¢X.

(vii) If Aisr.e. themA <t K.
If A<y BthenA <t B; AsetAisr.e. iff A <pK.
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Turing Reducibility

Turing Degrees

A setAis T-completef Ais r.e. andB <t Afor every r.e. seB.
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Turing Reducibility

Turing Degrees

A setAis T-completef Ais r.e. andB <t Afor every r.e. seB.

The equivalence clask (A) = {B | A=t A} is calledTuring degree
of A, or T-degree oA.

CSC363-Computability Theory@SJTU Xiaofeng Gac  Reducibility and Degree 56/64



Turing Reducibility

Turing Degrees

A setAis T-completef Ais r.e. andB <t Afor every r.e. seB.

The equivalence clask (A) = {B | A=t A} is calledTuring degree
of A, or T-degree oA.

A T-degree containing a recursive set is callegeursive T-degree
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Turing Reducibility

Turing Degrees

A setAis T-completef Ais r.e. andB <t Afor every r.e. seB.

The equivalence clask (A) = {B | A=t A} is calledTuring degree
of A, or T-degree oA.

A T-degree containing a recursive set is callegeursive T-degree

A T-degree containing an r.e. set is calledran T-degree
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Turing Reducibility

Turing Reducibility and Turing Degrees

The set of degrees is ranged overadhp, ¢, . . ..
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Turing Reducibility

Turing Reducibility and Turing Degrees

The set of degrees is ranged overadhp, ¢, . . ..

a<biff A<y Bforall Ac aandB ¢ b.
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Turing Reducibility

Turing Reducibility and Turing Degrees

The set of degrees is ranged overadhp, ¢, . . ..
a<biff A<y Bforall Ac aandB ¢ b.

a<biffa<banda#b.
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Turing Reducibility

Turing Reducibility and Turing Degrees

The set of degrees is ranged overadhp, ¢, . . ..
a<biff A<y Bforall Ac aandB ¢ b.
a<biffa<banda#b.

The relation< is a partial order.
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Turing Reducibility

Theorem

(i) There isprecisely ongecursive degre6, which consists of all the
recursive sets and is the unique minimal degree.

If Ais recursive, thed <t B for all B; If Bis recursive and
A <71 B, thenA s recursive.
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Turing Reducibility

Theorem

(i) There isprecisely ongecursive degre6, which consists of all the
recursive sets and is the unique minimal degree.

If Ais recursive, thed <t B for all B; If Bis recursive and
A <71 B, thenA s recursive.

(i) Let 0’ be the degree df. Then0 < 0’ and0’ is a maximum
among all r.e. degrees.

From (i),0 < 0; 0 # 0 sinceK is not recursive. SincAisr.e.=
A <71 K, we have ifais any r.e. degree < 0.
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Turing Reducibility

Theorem

(i) There isprecisely ongecursive degre6, which consists of all the
recursive sets and is the unique minimal degree.

If Ais recursive, thed <t B for all B; If Bis recursive and
A <71 B, thenA s recursive.

(i) Let 0’ be the degree df. Then0 < 0’ and0’ is a maximum
among all r.e. degrees.

From (i),0 < 0; 0 # 0 sinceK is not recursive. SincAisr.e.=
A <71 K, we have ifais any r.e. degree < 0.

(ii)) dm(A) C dr(A); and ifdn(A) <m On(B) thendr (A) < dr(B).
If A<, BthenA <t B.
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Turing Reducibility

Jump Operation

Theorem. The following statements are valid.

() KA L x| x e WAL is Arre.
SinceKX is y-r.e.
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Turing Reducibility

Jump Operation

Theorem. The following statements are valid.
() KA L x| x e WAL is Arre.
SinceKX is y-r.e.
(i) If Bis A-r.e., therB <t KA.
By relativised s-m-n theorem, B is A-r.e., therB <p, KA.
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Turing Reducibility

Jump Operation

Theorem. The following statements are valid.

() KA L x| x e WAL is Arre.

SinceKX is y-r.e.
(i) If Bis A-r.e., therB <t KA.

By relativised s-m-n theorem, B is A-r.e., therB <p, KA.
(iii) If Ais recursive thetk” =1 K.

“<" K <7 KA sinceK is A-r.e. for anyA;

“="If Ais recursive the\-computable partial characteristic
function of KA is actually computable (if is computable, then
€ = €X). HenceK”Ais r.e., andK” <1 K.
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Turing Reducibility

Jump Operation

Theorem. The following statements are valid.

() KA L x| x e WAL is Arre.
SinceKX is y-r.e.
(i) If Bis A-r.e., therB <t KA.

By relativised s-m-n theorem, B is A-r.e., therB <p, KA.
(iii) If Ais recursive thetk” =1 K.

“<" K <7 KA sinceK is A-r.e. for anyA;

“="If Ais recursive the\-computable partial characteristic
function of KA is actually computable (if is computable, then
€ = €X). HenceK”Ais r.e., andK” <1 K.

(iv) A <1 KA,

“A <1 KA"is given by (ii). “A £t KA"is given by ‘KX is y-r.e.

but noty-recursive."

VA
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Turing Reducibility

Relativization

WV IfA<Zt B thenKA <7 KB.
If A<t B, then since&K? is A-r.e. itis alsoB-r.e., soKA <7 KB,
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Turing Reducibility

Relativization

(v) If A <7 BthenK” <t KB,

If A<t B, then since&K? is A-r.e. itis alsoB-r.e., soKA <7 KB,
(vi) If A=t BthenK” =1 KEB.

Follows immediately from (v).
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Turing Reducibility

Jump Operation

KAis aT-completeA-r.e. set. Also called theompletionof A, or the
jumpof A, and denoted a&'.
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Turing Reducibility

Jump Operation

KAis aT-completeA-r.e. set. Also called theompletionof A, or the
jumpof A, and denoted a&'.

Definition. Thejump of a, denoted, is the degree dk” for any
Aca
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Turing Reducibility

Jump Operation

KAis aT-completeA-r.e. set. Also called theompletionof A, or the
jumpof A, and denoted a&'.

Definition. Thejump of a, denoted, is the degree dk” for any
Aca

Notation (1). By Relativization jump is a valid definition because the
degree oK* is the same for everj € a.

Notation (2). The new definition ofY as the jump oD accords with
our earlier definition of Oas the degree df.
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Turing Reducibility

Basic Properties

Theorem. For any degrea andb, the following statements are valid.
(Ya<ad.

(i) If a< bthenda < b’

(iii) If Be b, Ac aandBisA-r.e. therb < &.
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Turing Reducibility

Important Results

Theorem. Any degrees, b have a unique least upper bound.
Theorem. Any non-recursive r.e. degree contains a simple set.

Theorem. There are r.e. sefs, Bs.t. A £t BandB £t A. Hence, if
a, b aredy(A), dr(B) respectivelya £ b andb £ a, and thus
O<a<0Oand0O<b<0O.

Degrees, b such thata £ b andb £ a are called incomparable
degrees, denoted ag b.

Theorem. For any r.e. degrea > 0, there is an r.e. degrdesuch
thatb | a.
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Turing Reducibility

Important Results (2)

Sack’s Density Theorem For any r.e. degrees< b there is anr.e.
degreecwitha < c < b.

Sack’s Splitting Theorem For any r.e. degrees> O there are r.e.
degreed, c such thab < ac < aanda = b U c (henceb | c).

Lachlan, Yates Theorem

(a). dr.e. degrees, b > 0 such thaD is the greatest lower bound af
andb.

(b). I r.e. degrees, b having no greatest lower bound (either among
all degrees or among r.e. degrees).

Shoenfield Theorem There is a non-r.e. degree< 0.

Spector Theorem There is a minimal degreeA (minimal degree is a
degreem > 0 such that there is no degraavith 0 < a < m).

Theorem. For any r.e. m-degre@ >, Oy, 3 an r.e. m-degreb s.t.

. C]
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