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1. Let A,B be subsets of N. Define sets A⊕B and A⊗B by

A⊕B = {2x | x ∈ A} ∪ {2x+ 1 | x ∈ B},
A⊗B = {π(x, y) | x ∈ A and y ∈ B},

where π is the pairing function π(x, y) = 2x(2y + 1)− 1. Prove that

(a) A⊕B is recursive iff A and B are both recursive.

(b) If A,B 6= ∅, then A⊗B is recursive iff A and B are both recursive.

2. Which of the following sets are recursive? Which are r.e.? Which have r.e. complement?
Prove your judgements.

(a) {x | Pm(x) ↓ in t or fewer steps } (m, t are fixed).

(b) {x | x is a power of 2};
(c) {x | φx is injective};
(d) {x | y ∈ Ex} (y is fixed);

3. Prove following statements.

(a) Let B ⊆ N and n > 1; prove that B is r.e. then the predicate M(x1, . . . , xn) given by
“M(x1, . . . , xn) ≡ 2x13x2 . . . pxn

n ∈ B” is partially decidable.

(b) Prove that A ⊆ Nn is r.e. iff {2x13x2 . . . pxn
n | (x1, . . . , xn) ∈ A} is r.e..
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